Let m * t be the largest rational number such that every bridgeless cubic graph G associated with a positive weight ω has t perfect matchings {M 1 , . . .
Introduction
The following are two of the major open problems in graph theory.
Conjecture 1.1 (Berge and Fulkerson [2]). Every bridgeless cubic graph G has six perfect matchings such that each edge of G is covered by exactly two of them.

Conjecture 1.2 (Fan and Raspaud [1]). Every bridgeless cubic graph G contains three perfect matchings M 1 , M 2 , M 3 , such that no edge is covered by all of them.
Following the definitions introduced in [4] , we define m t (G) and m t as follows. Similar to [7] for the unweighted case, we observe that m * 3 (P 10 ) = 4 5 , m * 4 (P 10 ) = 14 15
, and m * 5 (P 10 ) = 1. So we propose the following conjectures. ≤ m 5 . Mazzuoccolo has also proved that the Berge-Fulkerson conjecture is equivalent to the Berge conjecture (the conjecture that m 5 = 1) [6] . It is proved by Patel in [7] that the Berge-Fulkerson conjecture implies Conjecture 1.3. Some of these early results are further extended for weighted graphs in this paper. In this paper, we define the 3PM-coverage index (respectively, weighted 3PM-coverage index) of a graph G as τ (
Proposition 1.5 is a straightforward observation. Let M be the set of six perfect matching double cover of G. Each
is calculated by taking the average of the coverages of all k-subsets of M (see [7] for the unweighted case). Proposition 1.6 can be proved by a similar argument as in the proof of Theorem 3.1 of [5] . In order to shorten the paper, the proof is omitted.
The remainder of this paper is organized as follows. In Section 2, Theorems 2.4 and 2.5 are proved. In Section 3, Theorem 3.3 is proved.
Perfect matching covering for weighted graphs
The following two lemmas are well known and will be used in the proofs in this paper.
Lemma 2.1. Let G be a bridgeless cubic graph, and let T be an edge-cut. For any perfect matching M of G, we have |M ∩ T | ≡ |T |(mod 2).
Lemma 2.2. In the Petersen graph P 10 , we have the following properties.
(1) P 10 has precisely six different perfect matchings. 
edges.
Parts (1)- (3) of Lemma 2.2 can be found in [8] (also see [9] ). Part (4) is a corollary of (1)-(3).
The Fan-Raspaud conjecture and PM-covering conjectures
⊕ 2 -sum with the Petersen graph
Let G 1 , G 2 be two bridgeless cubic graphs, and let e 1 = uv ∈ E(G 1 ), e 2 = xy ∈ E(G 2 ). Construct a new graph, called the ⊕ 2 -sum of G 1 and G 2 associated with e 1 and e 2 .
The two new edges ux and vy are called the substitution edges of uv or xy in G 1 ⊕ 2 G 2 , and e 1 and e 2 are called the pairing edges of each other. Note that P 10 is edge-transitive; G ⊕ 2 P e 10 is used to denote the ⊕ 2 -sum of G and P 10 associated with e 1 and e, where e ∈ E(G), and P e 10 is also used to denote a copy of P 10 in the above operation.
Let G be a cubic bridgeless graph with m edges. Denote by {e 1 , e 2 , . . . , e m } the edge set of G. Let Proof. Part (1) is an immediate corollary of Lemma 2.1. Parts (2) and (3) are implied by (1). 
Weighted PM-covering conjectures and the Fan-Raspaud conjecture
if f is a substitution edge of an edge e ∈ E(G)
1 if f is not a substitution edge.
By the assumption that Conjecture 1.4-(a) is true, for the newly defined weight function, there are three perfect matchings M
For each edge e of G and any perfect matching M in G ′ , by Lemma 2.1 the two substitution edges of e in G ′ are both or neither covered by M. Let E 0 be the set of edges in G whose two substitution edges in G ′ are both covered by all three perfect
, and we are to show that E 0 = ∅. Proof. The proof is similar to the argument used in above theorem. The only difference is the definition of edge set E 0 , which consists of all edges in G whose two substitution edges are covered by three or four perfect matchings in G ′ . We shall get a similar inequality
, which implies that |E 0 | = 0, as we desired. , respectively.
3PM-coverage index-a rank for snarks
Definition 3.1. Let G be a bridgeless cubic graph. We call m 3 (G) the 3PM-coverage index of G, denoted by τ (G); similarly, we call m * 3 (G) the weighted 3PM-coverage index of G, denoted by τ * (G).
According to Conjectures 1.3 and 1.4-(a), the lower bound for both τ and τ * is expected to be at least 4 5 . A graph has the 3PM-coverage index τ = 1 if and only if it is 3-edge-colorable. Hence, the graph invariant τ (as well as its weighted version τ * ) can be considered as a ranking for snarks. .
In Fig. 1 , each snark has a set of three perfect matchings {M a , M b , M c }, where edges labeled with x (x ∈ {a, b, c}) belong to the matching M x , and dashed edges are not covered by
Just like the determination of 3-edge-colorability [3] , the determination of the invariant τ * is also an NP-complete problem (see Theorem 3.3).
Instance 3.1 ((G, ω, η)). A bridgeless cubic graph G associated with a positive weight ω : E(G)  → R
+ , and a real number η: 
Since G ′ is also a bridgeless cubic graph, P can determine if there exist three perfect matchings {M
Case 1. P determines that there exist three perfect matchings {M Claim. Note that the computational complexity of the unweighted invariant τ remains unknown.
Conjecture 3.4. Given a real number 1 > η > 4 5 , the decision problem whether τ (G) ≥ η for an unweighted cubic bridgeless graph G is also an NP-complete problem.
